The free relativistic particle, by definition, has to move in an inertial reference frame with uniform velocity less than the speed of light. The corresponding movement of a material quantum particle describes a wave packet, composed of matter waves-solutions of the Schrödinger equation. The maximum of packet, corresponding to the largest probability to find the particle, has to move with the same uniform velocity, defined by the initial condition. It has been shown that the traditional definition of the quantum momentum operator i.e. taking it to correspond to the special relativity theory, relativistic momentum, cannot produce precise description of a relativistic matter particle. Different definitions are investigated and one that solves this issue is found. Obtained original expression of relativistic kinetic energy operator creates new possibilities for relativistic quantum systems theory.
Introduction
The fundamental and at the first glance the simplest problem of quantum mechanics is description of moving in vacuum free particle. However, careful investigation of this problem has shown that well known and present in numerous textbooks, recipes for this task solution are not successful and have to be corrected. and defines the probability distribution of a photon. However, this definition, applied to a free particle, whose 0, m ≠ leads to a result not consistent with fundamental conditions, following from the inertial reference system definition, stating that a free particle in an arbitrary, such system has to move with uniform velocity, defined by the initial condition and less than speed of light. The maximum of the packet, composed of matter waves-solutions of Schrödinger equation-has to move specifically with this velocity. Moreover, the traditional definition of the momentum operator produces a kinetic energy operator, present in the Schrödinger equation, whose expectation values at any momentum give upper bounds for relativistic kinetic energy, larger than the corresponding nonrelativistic energy and not consistent with this equation's definition as nonrelativistic.
Another definition of this operator as corresponding to the nonrelativistic classical momentum 0 p mv = restores nonrelativity of Schrödinger equation, because the corresponding kinetic energy operator expectation values are equal, as necessary, to the lower bounds of relativistic kinetic energy. However, the expectation values of this operator have to satisfy the condition for classical nonrelativistic momentum to be less than mc . As a consequence, the nonrelativistic matter wave packet, satisfying mentioned conditions, cannot be obtained integrating matter waves in the finite region ( ) 0 mc p mc − < < of momentum.
The objective of this work is to examine the consequences of different definitions of the quantum momentum operator's correspondence to classical parameters with momentum dimension and to present a developed problem solving approach.
In Section II, we provide the problem, applied terms and notations. In Section III, the matter waves and packets produced during the application of the quantum momentum operator, corresponding to the classical momentum, are investigated. Section IV is devoted to the traditional model with this operator corresponding to the relativistic classical momentum. From our considerations it follows that both definitions cannot produce packets, satisfying the mentioned conditions. A problem-solving method is presented in Section V. The characteristic feature of the method is based on the defined original correspondence of quantum mechanical momentum operator to a new parameter of classical relativity theory, producing a simple expression of relativistic kinetic energy operator. The conclusions provide the recommendations for the developed method application.
( ) ( ) ( ) 1  2  0  1  2  1  2 , , , , , , , , , , , .
Here j ρ marks the set of one-particle variables (spatial radius vector j r and internal degrees of freedom j τ like mass, charge, spin, isospin and so on for every particle). As usual, the operators are marked with accent above the letter and vectors are present in bold face. The Hamiltonian is independent of time, so the formal solution of (2) 
The stationary states of (2) correspond to the eigenfunctions of the Hamiltonian:
The stationary Schrödinger Equation (4) is written in a laboratory reference frame. Even in the nonrelativistic approximation the wave functions dependent on one-particle spatial variables are not good enough for a precise description of the quantum system. These do not satisfy Galilean invariance and, in many cases, the wave functions of this model contain uncontrolled center of mass excitations. For the best illustration of this statement, let us consider a two-particle system. The potential energy operator is translationally invariant, i.e. independent of the center of mass coordinate, hence the only problem is the kinetic energy. No one applies the corresponding wave function written in one-particle spatial variables, because the elimination of the center of mass kinetic energy operator in a two-particle Hamiltonian is an easy task. Elimination of the center of mass kinetic energy operator is not complicated for a system of N particles either.
However, after this the Hamiltonian of the quantum system appears as a function of ( )
internal spatial variables and N sets of individual degrees of freedom of composing the system (or some subsystem like electrons in atom) identical fermions, hence the anti-symmetrization of eigenfunctions of this operator becomes a very complex problem (see [1] and [2] ). However, after long investigations the simplest possible solution of this problem, reducing significantly the dimensions of basic functions, present in expansions, was found [3] . Thus, the principal problems cannot appear, and for the center of mass of quantum system separation one needs to perform the transformation of operator present in the stationary Schrödinger equation to internal Hamiltonian. For a quantum system composed of point particles with pair interaction, the Hamiltonian is 
applying instead of classical momentum the quantum mechanical momentum
The classical momentum is defined in the usual way 0 p mv = , where v is the velocity of the particle in the laboratory reference frame.
Having in mind that one has to generalize the Schrödinger equation for relativistic dynamics, it is useful to add the rest energies of particles to the Hamiltonian. The modified Hamiltonian is ( ) ( )
Now one can separate the center of mass and internal Hamiltonians. The best choice are internal Jacobi variables, defined as vectors connecting the centers-of-mass of two clusters of particles, while the reduced mass, corresponding to the given coordinate is defined by the conventional expression, using masses of clusters. The Jacobi variable system is generated by splitting down the system and later on each subsystem of single particle coordinates into two clusters with any number of particles. For example, if the system of N particles is split into clusters, where first contains the first k and second-the rest N k
corresponding Jacobi variable is defined as
where
and, as mentioned above, corresponding reduced mass equals
Defined in this way Jacobi variables Now the Ĥ takes the form with separated variables
where the internal Hamiltonian is defined as
Ŵ is potential energy operator, dependent only on intrinsic spatial variables.
Having in mind that eigenvalues of ˆi nt H without rest mass Later on we will consider the application of relativistic dynamics to quantum systems defined this way. All particles, composing the system, move in the same inertial frame, hence any transformations of radius vector and time coordinate or energy and momentum of a given particle between different inertial systems are not necessary. The energy of a stationary state is defined precisely, hence the relativistic energy and momentum conservation law is senseless in a fixed reference frame defined for a quantum system by its internal Hamiltonian.
Moreover, at a precisely defined energy the time coordinate is completely uncertain, therefore it is not necessary as an argument of wave function. At the same time in formalisms, operating with one particle coordinates, all inertial systems have to be equivalent and invariance of formalism with respect to Lorentz transformations is necessary. The space-time interval, defined by the scalar product of four-dimensional vectors and invariant with respect to transformations between different inertial frames, requires every particle to have different spatial and time variables. The problems of wave functions presented this way are well known (lattice QCD; for a review, see [4] ). In our formalism we don't have to worry about interval and mass invariance in different inertial reference systems. Instead, the only problem is modification of the internal Hamiltonian by introducing the relativistic kinetic energy operator instead of the nonrelativistic one for every internal spatial coordinate.
Thus, after these modifications the Schrödinger equation can be written as
Again, this operator is with separated variables, hence the eigenfunctions are Journal of Applied Mathematics and Physics equal the products of two functions-one dependent on set of internal variables and other-dependent on center of mass radius-vector and time, i.e.
( ) ( ) ( )
Here ψ is eigenfunction of ˆi nt H , corresponding to the eigenvalue, equal to the rest energy of system
and φ is an eigenfunction of the operator, dependent on time and center of mass radius-vector, corresponding the same eigenvalue:
The last modification of this equation is the exchange of mass 0 µ , present in the nonrelativistic kinetic energy operator and equal to the sum of masses of particles, with the mass of quantum system µ , obtained after equation with intrinsic Hamiltonian (19) solution or by real rest mass of quantum system under investigation. Finally, the equation, describing the movement of the center of mass takes the form
The operator, present in right-hand side of this equation, equals the nonrelativistic approximation of the energy of the particle. The generalization of this equation for relativistic dynamics is
This equation looks exactly as the well-known Schrödinger equation for a free particle, however now it is obtained by separating the center of mass and intrinsic parts of quantum system's Hamiltonian. The introduced internal Hamiltonian, whose eigenvalues are equal to the rest energy of the system, is separated from the center of mass degree of freedom, whose movement is independent of intrinsic excitations of quantum system. The developed technique is useful for precise separation of center of mass and internal degrees of freedom when quantum system enters an external field. Moreover, the Equation (22) is basic for further modifications and relativistic dynamics of free particle investigation taking different expressions of the free particle energy operator
Let me present here the slightly modified, in comparison with traditional consideration (see [5] , [6] , [7] ), main points of this solution, necessary for further modifications, taking into account relativistic dynamics. The Hamiltonian
H ξ is independent of time, hence the fundamental system of Equation (22) solutions are products of eigenfunctions of two operators, present in opposite sides of equation, corresponding to the same eigenvalue:
The last modification is presentation of relativistic energy in terms of momentum. Introducing in this expression instead of momentum the quantum mechanical momentum operator creates differential equations for mentioned fundamental solutions. Obviously, the square-integrable and satisfying the initial condition solution of Equation (22), giving the free quantum particle description, can be expressed as a linear combination of these fundamental solutions.
The easiest energy expression in terms of momentum is for a particle whose rest mass equals zero. In special relativity theory it is defined as E c = p .
Therefore the corresponding operator is ( )
and the wave function equals
By definition, the inertial reference frame is defined as one, where the free particle moves with uniform velocity. Taking the z axis of the reference frame to be along the vector p , one finds that 
represents the wave function of the relativistic particle, whose rest mass equals zero. The maximum of the probability distribution ( ) 2 zt ψ of the square integrable packet moves with the velocity of the particle, equal to the speed of light.
For a particle, whose rest mass does not equal zero, there are different energy expressions in terms of momentum and possible different momentum definitions, therefore this problem needs separate investigation.
Matter Waves and Packets with Nonrelativistic Momentum Operator
Let us start the investigation of Equation (21) for a nonrelativistic free particle.
The corresponding Hamiltonian equals the nonrelativistic approximation of the energy expression Journal of Applied Mathematics and Physics 
Eigenfunctions of this operator coincide with eigenfunctions of the momentum operator 0 p and equal
Here 0 p is the eigenvalue of the momentum operator. The matter wave is
The wave function of the packet, satisfying the normalization condition 
Here N is the norm, , x y σ σ and z σ are spatial extensions of the packet along axes of the reference frame and 0i µ = p v is the momentum of the initial packet, defining the center of mass velocity. As mentioned, a free particle in an arbitrary inertial reference frame moves with constant velocity, hence the initial condition can be simplified taking the direction of z axis of the reference system to coincide with the direction of the initial momentum 0i p . Now the initial condition converts to the normalized one-dimensional form:
because the momentum projections, hence also the corresponding extensions along x and y axes equal zeroes. According to Heisenberg principle, these spatial extensions approach infinity, hence the corresponding exponents of the initial condition equals unities. For the sake of simplicity here z σ is marked without subscript as σ . Normalized in necessary way the spectral function equals ( ) ( )
From this exponent, present as ( )
it follows that momentum extension equals
hence the product of spatial and momentum extensions satisfy Heisenberg's uncertainty relation
The wave function of packet (35) after explicit integration takes the form
The probability density distribution
The spatial extension of the packet ( ) 
The description of a free nonrelativistic particle, obtained without any approximations after explicit integration of fundamental quantum mechanical Journal of Applied Mathematics and Physics expressions, gives the best possible result predicting comparable with experimental observations spreading of packet and its maximum, moving with the velocity of particle.
This result, together with arguments about the origin of quantum mechanical momentum operator (independence of speed of light; suggested by Dirac derivation from classical Poisson brackets; de Broglie waves, defined as solutions of Schrödinger equation with momentum operator, corresponding the classical momentum of particle; definition of momentum operator as translations in three-dimensional space generator), present in [8] , shows that the quantum momentum operator i − ∇  corresponds to the classical ( 0 m = p v) rather than the relativistic ( 0 γ = p p ) momentum. Moreover, this correspondence defines the kinetic energy operator, present in the Schrödinger equation, as a completely nonrelativistic operator. The expectation value of the relativistic kinetic energy, as necessary, is larger than the corresponding nonrelativistic expectation value.
However, the deeper investigation and an attempt to apply it for the relativistic free particle has shown that the defined momentum operator correspondence is not so successful. The problem is that (45) produces a wave packet for all values of the particle's nonrelativistic momentum, including velocities larger than the speed of light. At the same time the relativistic energy operator (30) is [8] :
It is present in terms of the momentum operator, hence both have the same system of eigenfunctions
with different eigenvalues. As mentioned, if the 0 p eigenvalue is 0 p , the eigenvalue of Ĥ equals
The problem, following from this expression, is that the momentum eigenvalue 0 p for a matter particle has to be less than c µ . The consequences of this condition for two particle quantum systems with different potentials are considered in [9] . This condition also changes significantly the obtained nonrelativistic result for the free particle, because the integration over 0 p is performed using infinite limits of integrals. Taking this into account produces a packet not corresponding to the main condition that the maximum of the packet has to move with a uniform initial velocity of the particle. The velocity of the packet maximum appears as a nonlinear function of parameters 0i p and σ defined by the initial condition. Now let us investigate the relativistic particle description. The relativistic kinetic energy operator, expressed in terms of the nonrelativistic momentum operator, is Journal of Applied Mathematics and Physics
Therefore, the relativistic energy can be present as
The square of this expression gives the well known
however we will apply (56) to avoid problems with an undefined sign taking square root of the squared expression.
The converging at p c µ ≤ series expansion of the energy in terms of the relativistic momentum is
Considering this expansion as quantum mechanical Hamiltonian with ˆi = − ∇ p  , the second member of the right-hand side of the equation coincides with the nonrelativistic kinetic energy operator. However, this leads to a strange conclusion that the expectation value of the kinetic energy operator 
However, the velocity of the maximum of this probability distribution equals 
and, after explicit summation of the expansion, present in Equation (65), ( ) g β takes the simple form:
The first problems let us investigate how much time 0 t is necessary for extension doubling, that is for relation
which is satisfied by an electron, produced in the Stanford linear accelerator and a proton, produced in the CERN accelerator.
Both bunches are 1 cm σ ≈ in length (see Particle Data Group report [10] and earlier reports of this group). For electron ( ) , thus the spreading of the corresponding packet in the real universe is negligible. This effect can explain the unclear origin of extremely high energies, obtained registering these events.
Conclusions
From our consideration, it follows that the traditional definition of the quantum momentum operator, correspondence to the classical relativistic momentum Journal of Applied Mathematics and Physics cannot produce packets, moving in an inertial reference frame with uniform velocity less than the speed of light so that the maximal probability density point of the packet moves in the same way as a classical relativistic particle.
While solving this problem, a simple expression for the relativistic kinetic energy operator is defined, after postulating the original correspondence of the known quantum mechanical momentum operator i − ∇  to a new factor with momentum dimension of classical relativity theory. This correspondence is necessary to present the relativistic kinetic energy operator in a form, satisfying the requirements for a matter particle wave packet. Schrödinger equation for a free particle with this kinetic energy operator gives a solution for the matter waves, whose packet moves in complete accordance with special relativity theory predictions for a free particle movement.
The developed theory significantly reduces spreading of packets, created after gigantic energy processes in universe, explaining extreme energies of cosmic rays, moving across the visible universe like compact bunches without remarkable spreading.
Moreover, the introduced relativistic kinetic energy operators can be applied in the internal Hamiltonian instead of nonrelativistic operators for every internal 
Having in mind that ( ) 1 g β ≥ one arrives at an interesting conclusion that a relativistic system has larger binding energy than the corresponding nonrelativistic system, mainly due to a larger effective reduced mass of interacting particles, equal ( )
For a two-particle quantum system, the parameter β can be present in form This gives us a chance to solve the old problem of realistic potentials, carefully fitted with the two-nucleon data, giving smaller than experimental binding energies of more complex nuclei.
Obviously, the relativistic effects, taken into account in the defined way, can be even more significant when particles are trapped in a restricted space, like the quarks in a nucleon or protons in a protostar. Our definition of the relativistic kinetic energy gives a possibility for some kind of confinement to occur in these systems, preventing disintegration of the system when the attractive force increases with the growing kinetic energy of the relative movement of particles or clusters. Moreover, if inertial and gravitational masses are equal, gravity, caused by the obtained mass dependence on velocity, can become significant for relativistic particles.
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